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Abstract
Loeb et al. (J. Combin. Theory Ser. A. 65 (1994) 151{157) gave an explicit semisymmetric
chain decomposition of (n). In this paper we give a second explicit semisymmetric chain
decomposition and show that it is dierent from the one given in Loeb et al. (1995) in the
sense that no order automorphism of (n) can carry one to another. c© 2000 Elsevier Science
B.V. All rights reserved.
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1. Introduction
Let P be a nite rank-n graded poset. We say that the elements x1; x2; : : : ; xh of
P form a symmetric chain (resp. semisymmetric chain) if xi+1 covers xi for every
i<h and rank(x1) + rank(xh) = n (resp. rank(x1) + rank(xh)>n). A symmetric chain
decomposition (SCD) (resp. semisymmetric chain decomposition (SSCD)) of P is a
covering of P by pairwise disjoint symmetric chains (resp. semisymmetric chains). (The
semisymmetric terminology is taken from Engel [6].) We would like to emphasize that
while an SCD of P immediately implies that P is Sperner (i.e., no antichain in P has
more elements than the largest of the rank numbers of P), an SSCD of P only shows
that the bottom half of P (i.e., elements of rank 6(n + 1)=2) is Sperner. Thus, an
SSCD of P is of some interest when it is known (as in the case of the partition lattice,
via Caneld’s celebrated counterexample [see [4,6]]) that P is not Sperner.
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For a nite set A, let B(A) denote the set of all subsets of A and let (A) denote the
set of all partitions of A. B(A) is partially ordered by inclusion and (A) is partially
ordered by renement, i.e., 6 in (A) if every block of  is contained in a block
of . Both B(A) and (A) are graded posets. The rank of a subset X A is jX j and
the rank of a partition  2 (A) is jAj − b(), where b() denotes the number of
blocks of . When A = [n](=f1; 2; : : : ; ng) for some nonnegative integer n, we write
B(n) and (n) for B([n]) and ([n]).
De Bruijn et al. [3] gave an inductive construction of an SCD of B(n) (and more
generally, for chain products). Aigner [1] and Greene and Kleitman [7] gave an
explicit description of this construction. Recently, there has been a lot of interest
in order-matchings and chain decompositions of (n). Kung [8] proved that, for
k < (n−1)=2, the incidence matrix of rank-k partitions (the rows) vs. the rank-(k+1)
partitions (the columns) in (n) has full row rank. It follows that there exist order
matchings from rank k into rank k + 1, for k below the middle rank. Caneld [5]
proved the stronger result that, for large n, there are order matchings in (n) from
rank k into rank k +1, for k <Kn, where Kn  n(1− (log 4)=(log n)). Using a coding
of partitions by sets and the explicit SCD of B(n) from [7], Loeb et al. [9] (also
see Engel [6]) constructed an explicit SSCD of (n). In [10], the method of [3] was
extended to give a inductive construction of a SSCD of (n).
In Section 3 of this paper we give a second explicit SSCD of (n). This SSCD
was obtained by making explicit the inductive construction in [10]. We also show that
this SSCD and the one given in [9] are dierent in the following sense: Given the
two SSCD’s, by removing an appropriate number of elements from the top of every
semisymmetric chain in the two SSCD’s, we get two collections of pairwise disjoint
symmetric chains covering the elements of rank 6(n− 1)=2 of (n). We show that,
for n>6, no order automorphism of (n) can carry one of these collections to the
other.
There is probably a very large number of SSCD’s of the partition lattice and therefore
we now say a few words about our motivation for presenting another explicit SSCD.
We feel that the present construction is more intuitive and transparent than the method
given in [9]. Moreover this paper, taken together with [10], shows that the present
method is a natural extension of the method of [3] and is therefore perhaps less ad
hoc than the previous construction.
Convention. For a nite set A of positive integers, the bijection f1; 2; : : : ; jAjg ! A
given by 1 ! smallest element of A; 2 ! second smallest element of A; : : : ; jAj !
largest element of A is said to be the standard mapping.
In Section 2 we recall the explicit SCD of B(n), as presented in [7]. But we shall
need to use this construction on B(A), where A is a nite set of positive integers,
and not just on B(n), for some n. In all these cases we make the convention that the
construction on B(A) is obtained by transferring from the corresponding construction
on B(jAj), by means of the standard mapping.
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2. Symmetric chain decomposition of the subset lattice
Corresponding to a subset S  [n] we associate a sequence of n parentheses, where
the ith parenthesis is a right parenthesis if i 2 S and a left parenthesis if i 62 S. For
instance, f1; 4; 5; 7g [8] corresponds to )(())()(. This correspondence is a bijection.
To obtain the subset which covers S in the SCD of B(n) or to nd out whether S
is the top element of its chain we proceed as follows. First nd the matching pairs
of parentheses in S, i.e., nd pairs of left and right parentheses (rst left and then
right) that are either adjacent or are separated by other such adjacent pairs, repeating
the process until no further pairing is possible. We are left with a string of unmatched
right parentheses followed by a string of unmatched left parentheses. If the string of
unmatched parentheses does not contain a left parenthesis, we declare that S is the
top element of its chain. Otherwise, we nd the leftmost unmatched left parenthesis
and replace it by a right parenthesis. The subset corresponding to the new sequence
thus obtained covers the set S in the SCD of B(n). (For a proof that this procedure
does give an SCD, see [7].) For example, the matching parentheses corresponding
to the set f1; 4; 5; 7g [8] are shown in bold in the following: )(( ))( )(. The rst left
parenthesis from the left which is not matched is the 8th one. Hence the subset covering
S is obtained by replacing this parenthesis by a right parenthesis, i.e., )(())()), which
corresponds to the subset f1; 4; 5; 7; 8g. Now consider the subset R=f1; 4; 5; 7; 8g [8].
The matching parentheses corresponding to this subset are )(( ))( )). Since there are no
unmatched left parentheses we declare that R is the top element of its chain.
We call this method the parenthesization procedure. In Section 3 we shall use it to
describe a new explicit SSCD of (n).
3. Semisymmetric chain decomposition of the partition lattice
Let  2 (n). By L() we mean the following linear arrangement of the symbols
1; 2; : : : ; n and j. Let B1; B2; : : : ; Bk be the blocks of , where maxB1<maxB2<   
<maxBk . For i = 1; 2; : : : ; k, let si denote the sequence obtained by listing the ele-
ments of Bi in increasing order. Then L() = s1js2j    jsk . Let R() denote the per-
mutation of [n] obtained by dropping the vertical bars from L(). For example, if
= ff2g; f1; 3; 5g; f4gg 2 (5), then L() = 2j4j135 and R() = 24135.
Let  2 (n) with R() = b1b2    bn. Dene set(); subset() [n] as follows.
set() =
(
bi:
i>2; bi−1<bi; and bi−1; bi are the
two largest elements of fb1; : : : ; big
)
;
subset() =
(
bi 2 set():
there is no vertical bar between
bi−1 and bi in L()
)
:
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The following algorithm computes an explicit SSCD of (n).
Algorithm SSCD
Input  2 (n)
Output Either (i)  2 (n) covering .
or (ii) The message ‘ is the top element of its chain’.
Method
1. S = set(); T = subset():
2. Apply the parenthesization procedure to T , treating it as a subset of S.
if (T is the top element of its chain) then
print, ‘ is the top element of its chain’. STOP.
if (T is covered by T [ fbg) then
Drop the vertical bar to the immediate left of b in L() to get L(). Output
. STOP.
Example 3.1. In this example we shall be considering partitions in (13). In order to
avoid diculty with one line notation we write xi for i and treat (13) as the set of
partitions of fx1; x2; : : : ; x13g.
Consider  2 (13) given by
L() = x3 jx1x5 jx4x6 jx7x8 jx10 jx2x9x11 jx12x13;
R() = x3x1x5x4x6x7x8x10x2x9x11x12x13:
Step 2 of Algorithm SSCD produces
S = fx7; x8; x10; x12; x13g;
T = fx8; x13g:
The parenthesis sequence of T , as a subset of S, is: ( )(( ). The rst unmatched left
parenthesis from the left corresponds to x10 and then step 3 produces
L() = x3 jx1x5 jx4x6 jx7x8x10 jx2x9x11 jx12x13:
Now, let us apply the algorithm to . Then
R() = x3x1x5x4x6x7x8x10x2x9x11x12x13
and step 2 produces
S = fx7; x8; x10; x12; x13g;
T = fx8; x10; x13g:
The parenthesis sequence of T as a subset of S, is: ( ))( ). Since there is no unmatched
left parenthesis we declare that  is the top element of its chain.
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We now prove that Algorithm SSCD is correct. (We would like to remark that a
proof of this fact is implicit in [11]. But that paper is written in the language of partial
partitions and does not deal with order matchings.)
Theorem 3.2. Algorithm SSCD is correct.
Proof. For a permutation  of [n], let A= f 2 (n): R()= g. The nonempty sets
among the A’s form a partition of (n).
Let = b1b2    bn be such that A is nonempty. Put A= set(), where  2A (A
is independent of ).
Let 26k6n and consider the following three cases:
(i) bk−1>bk : In this case there is a vertical bar between bk−1 and bk in L(), for
all  2A.
(ii) bk−1<bk and bk−1 6= maxfb1; : : : ; bk−1g: In this case there is no vertical bar
between bk−1 and bk in L(), for all  2A.
(iii) bk−1<bk and bk−1 =maxfb1; : : : ; bk−1g: In this case bk 2 set(), for all  2A.
Moreover, bk 2 subset() i there is no vertical bar between bk−1 and bk in L().
It follows that A, under the induced order, is order isomorphic to B(A), with order
isomorphism given by ! subset(). Now note that Algorithm SSCD just constructs
an SCD of each of the nonempty A’s. The dierence of the ranks, in (n), between
the maximum and minimum elements of A is jAj (= rank B(A)). To complete the
proof we therefore need to show that the sum of the ranks, in (n), of the minimum
and maximum elements of A is >n− 1 (= rank (n)).
Let I = fk: 26k6n; bk−1>bkg. Let 1 (resp. 2) be the minimum element (resp.
maximum element) of A. By (i), (ii), and (iii) above we see that the number of
vertical bars in L(1) is jI j+ jAj and the number of vertical bars in L(2) is jI j. The
sum of their ranks, in (n), is therefore n− (jI j+ jAj+1)+ n− (jI j+1)= (n− 1) +
(n− 2jI j − jAj − 1). Now observe that k 2 I implies that k6n− 1 (since bn = n) and
that there is no vertical bar between bk and bk+1 in L(), for all  2A (since such
a vertical bar would imply bk−1<bk). It follows that (n − 1)>(2jI j + jAj) and the
proof is complete.
We now show that, for n>6, the SSCDs produced by the algorithm above and
the one given in [9] are dierent in the sense explained in the introduction. For our
purposes it is convenient to consider the SSCD of (n) obtained from the one given in
[9] by relabeling 1; 2; : : : ; n by n; n− 1; : : : ; 1, respectively. We shall need the following
two facts:
(i) Every order automorphism of (n) is obtained by a relabeling of the set [n]
(Exercise II.4.11, p. 71 of [2]).
(ii) The unique chain of maximal length in the SSCD given by the construction in
[9] (with the reverse labeling given above) is 1j2j    jn ! 12j3j    jn !    !
123    (n− 1)jn! 123 : : : n.
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Now, 1j2j    jn ! 12j3j    jn !    ! 123    (n − 1)jn ! 123 : : : n is also the
unique chain of maximal length produced by Algorithm SSCD. Hence any automor-
phism of (n) under which these two SSCD’s are equivalent must x this chain.
From this it follows that the relabeling of f1; 2; : : : ; ng which produces this automor-
phism must x every element of the set f3; : : : ; ng.
Now consider  = 3j4j125j6j7j    jn 2 (n), which is xed by every relabeling
xing f3; 4; : : : ; ng. In the decomposition produced by Algorithm SSCD, this element
is covered by 1 = 34j125j6j7j    jn and in the construction of [9] (with the reverse
labeling) it is covered by 2 = 3j4j1256j7j    jn. But no relabeling can take 1 to 2.
This shows that the two SSCD’s are inequivalent under order automorphisms for n>6.
Finally, we mention without proof that one can show fairly easily that the induc-
tive construction in [10] and Algorithm SSCD produce the same semisymmetric chain
decomposition of (n).
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